Introduction
Each of the words in the title describes several different aspects of a series of experimental Internet-based courses that we have been developing at Brown University starting in the fall of 1997. The talk upon which this article is based includes a progress report on this project supported by the National Science Foundation as we prepare for wider dissemination of our model in a variety of courses for students with a number of different backgrounds and expectations in various institutions in the US and elsewhere.
This report has three main sections after the introduction: Demonstration Software for Java Applets and Labs, Communication Software-The Tensor, and Evaluation Procedures. We will conclude with plans for future developments.
Recent Advances in Technology and Access to It
Multivariable Calculus is the first place in the undergraduate mathematics curriculum where spatial visualization becomes crucial for the interpretation of geometric objects in three dimensions. Although the hand-held graphing calculator is adequate for most situations that arise in one-variable calculus, it is necessary to have a computer with a larger screen with more resolution and more speed in order to deal with graphs of functions of two variables and with the geometry of curves on such graphs. Until recently, it was necessary to have access to a high-level workstation in order to interact with such function graphs, but it is now possible to carry out the same investigations using a personal computer or a portable "laptop" machine. These devices are coming down in price so that more and more students will have access to them in libraries and other public areas in most schools.
Until a short time ago, it was necessary to use powerful (sometimes costly) high-level programs like Mathematica or MathCad or Maple in order to work with function graphs in three-dimensional space, but now there are an increasing number of collections of special-purpose Java applets that work on most computers and that do not require expensive licenses. These applets will work on most browsers and can be operated locally on a server in each individual school. In this presentation we describe a collection of such applets developed at Brown University by the author and teams of undergraduate assistants working primarily over the past eight summers. Support for this project has come mainly from National Science Foundation grants from the Division of Undergraduate Education and the Research on Learning and Education (ROLE) program in Education and Human Resources.
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Student Assistants and Program Development
It is noteworthy that the programming for the software in this project has been done almost entirely by undergraduate students. Most have been excellent students in the author's courses in multivariable calculus and geometry who have been invited to work with the author in groups of four to six for ten weeks in the summer to further the development of the software. Frequently such students will act as technical resource persons and undergraduate teaching assistants during the following academic year. Most of these students have gone on to careers in mathematics as well as computer science and physics, and many have become instructors themselves.
Demonstration Software -Applets and Labs
Interactive Applets for Function Graphs
We describe in some detail the first interaction that students will have with the demonstration software. The full power of the Java applets becomes apparent as students progress through a series of laboratory exercises, learning new techniques as they go along.
Almost all of the applets in our multivariable calculus laboratories feature surfaces in three-space, displayed in a three-dimensional window that can be rotated by moving a cursor controlled by a mouse. One can interact immediately with this display to show various views of a function graph. It is significant that this requires no training whatsoever. The basic principle in our project is that training time should be minimized so that it is possible to make observations of geometric phenomena in existing applets and then to make modifications to study not just one example but rather whole families of examples.
The next level of interaction is to make changes in the control panel. For the most part, the functions studied in the beginning of multivariable calculus are defined over rectangular domains, and the students can change the lower and upper limits of the variables x and y by typing in new values and remembering to hit the return key to transmit the changes which are made directly to the graph on the screen.
It may be necessary to resize the window, or to zoom in or out in order to get a better view of the graph, and this is accomplished by choosing "zoom" rather than "rotate" or "translate" in the pull-down menu in the graph window.
Next it is possible for students to modify the definition of the function being graphed, first of all by changing some of the coefficients and transmitting the changes. At this point, it is possible to introduce some conventions for multiplication by using the symbol "*" between factors and for exponentiation by using the symbol "ˆ". Thus, for example, a quadratic polynomial can be written f(x,y) = 2*xˆ2 -3*x*y + x + 1.
In addition to the three-dimensional window, most applets will have a two-dimensional window showing the domain of the function. A special feature of the applet system is a "hot spot" in the domain that can be dragged using the mous"e, with the image of that point moving along the graph of the function. The spot is surrounded by a circular disc in the domain, the radius of which is controlled by another hot spot. This enables the student to see the relationship between the domain and range of the function, in particular to locate the places where the function has a maximum and minimum value over the domain of definition. As the disc moves around, the values taken on over that disc are displayed as a segment on the zaxis. The segment is large when the disc is large and arbitrarily small as the radius of the disc is shrunk, at least in the case of a polynomial function. That observation is the bas"is of the definition of continuity of a function, an intuition to be refined in later demonstrations.
Subsequent laboratory experiences introduce parameters that can be added to the definition of a function to give families of functions, or families of horizontal planes slicing function graphs to produce contour lines. A full range of properties of the applets is contained in a tutorial that the student can consult at any time.
One of the most significant aspects of the program is that a student can save the changes in his or her applet by copying the current state of the program into a file that can be emailed or included in an on-line homework. Anyone opening such a file will enter the program precisely where the student left off and will be able to continue the investigation based on the student's comments.
[See Appendix A for two illustrations of Laboratory Demonstrations]
Demonstrations in Lectures
Frequently an instructor will want to use these applets as parts of a lecture, displaying the applets by using a projector connected with a computer attached to the Internet. This is the first level of interactivity, between the instructor and the geometric phenomena. On the basis of such presentations, an instructor can assign homework exercises that do not require any further viewing of the applets.
The second level of interactivity occurs when students can themselves work directly with the applets, either in a workstation laboratory, or on personal computers connected to the Internet. Although we still refer to laboratory exercises, it is no longer necessary for students to go to a physical laboratory in order to interact with the geometric phenomena.
Laboratory Text and Exercises
By accessing the Laboratory software, students can read a description of an applet, in condensed or in expanded form, and can do exercises based on investigations of a series of examples. One mode of operating is to provide students with physical "laboratory pages" on which a student can record answers and hand them in. It is also possible to make these pages available electronically so students can enter responses and have them sent directly to a file server. The instructor can then make comments either on a paper copy or and can return these to the student, physically or electronically.
Communication Software -The Tensor
Communication software for these courses, developed by the author and teams of undergraduate student assistants, enables students to interact with instructors and with each other in new ways. We now describe the full operation of the "Tensor", a course-management arrangement with some particular interactive features, some or all of which can be used in conjunction with the applets described above.
Student Access to Tensor Software
At the beginning of each course, students who register for the course are assigned accounts for the class website, with temporary passwords that can be changed by the student. This provides access to material restricted to those registered for the course, as well as to assistants and to guests designated by the instructor. Once a student enters the course website, he or she can read messages and have access to resources, such as tutorials for using the Java applets described above, for including images and links to other sites, and for scanning written work and illustrations.
Discussion, Open and Time-Dependent
A particularly important feature of the Internet-based courseware is a "threaded discussion" option, where the instructor can enter a discussion topic and specify the time when it will be open to everyone in the class. Up to that time, only the individual student and the instructor will be able to read an entry as well as the instructor comments. After the release time, everyone can read everyone else's submission and the comments, and the discussion can proceed in an open manner.
One reason for the time delay is to avoid a competition to be the first to answer a question, after which others might be discouraged from submitting their own answers. This also gives time for people to discuss a topic among themselves or with others, or to locate relevant references, on-line or in traditional resources such as textbooks and libraries. .
All entries and comments are identified by the time they are submitted, and once they are commented on, the text cannot be changed. Otherwise a comment by an instructor might become irrelevant or confusing. A student or instructor can comment on an entry directly below the last comment, rather than at the bottom of the entire discussion. Usually instructor comments are in a different color to make them easier to identify.
Discussion Example: Height versus Weight
One of the first examples of a discussion of this sort, going back to the fall of 1997, is the "warm-up" question: "Was there a time since your birth when the number of inches in your height was exactly equal to the number of pounds in your weight?" The question was posed with no further elaboration on the first day of a multivariable calculus course, and locked for the next twenty-four hours. There followed a series of responses from nearly all members of the class, some of which are reproduced in edited form in Appendix B.
Assignments and the Tensor
An instructor can set up an assignment by writing an optional introductory paragraph and then deciding on the number of problems, each of which is entered in its own dialogue box. The instructor can designate that the answers are to be unlocked, locked permanently, or locked until a specific time. The first view of the tensor shows a matrix with a row for each assignment and a column for each student in the class.
At any time an instructor can select the initials of a student in the class and see all of the responses from that student for the assignment. After the assignment has been unlocked, everyone in the class can do the same.
What makes the tensor more than a two-dimensional matrix is that it is possible to select the name of the assignment and see one row for each question in the assignment, with a square under the initials of each student indicating whether or not he or she has responded. When a response has been submitted, the square for that student is red. When the instructor has commented, that square turns green. If the student submits something further, or if another student enters a comment on the work of the first student, the square turns red again until the instructor makes a comment, which returns it to green. At any time class members can see on the original matrix whether or not a particular student has submitted something new on an assignment, and, by expanding the tensor, it is possible to see which questions have been answered and not yet commented upon.
Hints and Solution Keys
For any question on any assignment, the instructor can enter a hint and this will show up in the tensor as a green square in the first column. The second column in the tensor is a place for a Solution Key that becomes visible to all students in the class only after the assignment is unlocked. In constructing the Solution Key, the instructor can copy and paste solutions of individual students, with attribution, something especially valuable in cases where there are different ways of solving a problem.
Examinations
It is possible for an instructor to use the Assignments menu to present the questions for a take-home examination, to be answered within a particular time. The usual instructions are that books and notes and computers may be used but no one is to be consulted, electronically or otherwise, so that the submissions are the student's own work, as opposed to homework assignments where students are encouraged to work together or to make use of other resources. The security issues for an ordinary take-home test appear to be the same as for this kind of test, with the added condition that it should not be possible for anyone to see anyone else's work before the release time.
Evaluation of the Project
An important aspect of projects funded by the National Science Foundation is evaluation, and this is especially significant in the Research on Learning and Education (ROLE) program that supported the recent activity of our project. Starting in the summer of 2004, the dissemination phase of our project is being funded for four years by the NSF Director's Distinguished Teaching Scholar Award, which also places heavy emphasis on evaluation to determine the effectiveness of projects in enhancing teaching and learning.
The evaluation component of the current project has been designed and completed by Kathleen Marx Banchoff, principal of McCarthy Marx & Associates, a marketing research consultancy working with Fortune 100 companies since 1988. Working with the author over the past 5 years, Marx Banchoff has devised a research plan for evaluating the effectiveness of the author's use of these teaching technologies. They include:
• A standard questionnaire (7-9 questions formatted in an Excel spreadsheet distributed by e-mail to enrolled students in the time period between the second midterm and the final exam) • An analytic plan using content analysis to establish -a standard set of codes for examining results across internet-based courses taught by the author (Multivariable Calculus, Linear Algebra, and Differential Geometry) and years (2001 through 2005). -measures of effectiveness and standards useful for several different applications (i.e., course evaluation across time periods, teacher evaluation across courses, use of learning technologies across courses and time periods, and suggestions for improvement in the technologies) • A standard format for summary tables which allow the author to compare results, and build measures of success for these technologies and charts of verbatim comments which allow the author to demonstrate the students' point of view on research dimensions relevant to a specific analysis.
We have been accumulating data for internet-based courses taught by the author since the start of the academic year 2001-2002: at Brown University, as well as for one course at the University of Notre Dame and one at the University of California, Los Angeles. For this analysis, data were analyzed for Multivariable Calculus -two classes at the honors level (Fall 2003 and Fall 2004 ) and one at the standard level (Spring 2005) . Data were collected in Excel spreadsheets, amalgamated and coded by course, and analyzed. Summary charts of the responses on two questions relevant to this analysis are included in Appendix C, along with sample verbatim comments from each of these three courses.
Summarizing the data in this way permits in-depth analysis of student reaction to features of the project, such as on-line student interaction with demonstrations and the ability of students to consult the answers of other students in the class.
Future Directions for Development
Planned Refinements of the Tensor
On the basis of comments made by students on their questionnaires and in response to questions from potential users of our software, we are in the process of revising some features. We are always looking for more feedback so we can make the demonstration and communication software, and the evaluation instruments, more accessible in a variety of courses at many institutions, for students with different backgrounds and expectations. We mention here two examples of work under development.
Occasionally certain students prefer to have their work remain private, accessible only to the instructor and not to other students in the class. It is always possible to handle such communications by ordinary email, but in the next version of the communication software, students and instructors will have the option of making any individual entry private. This feature will be especially valuable in cases where the instructor wants to give a grade for a particular set of questions since such grades are not meant to be public, to be viewed by other members of the class. This "grading feature" is particularly significant for tests.
Instructors and students frequently will have access to other programs, for exmple symbolic manipulation and computer algebra systems. We want to make is easier to use such programs in conjunction with the tensor, and we plan to produce tutorials that will facilitate interaction between programs.
Conclusion
This is an important time for developers of mathematical software as the Internet becomes more an more powerful and access to it becomes increasingly available at all colleges and universities. We appreciate the chance to take part in thie international symposium at KAIST, to share ideas with colleagues from Korea and around the world.
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Appendix A. SAMPLES
JAVA Applets and Worksheet
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Domain and Range
This demonstration graphs a function f (x, y) over a rectangular domain. By default, the domain is set to -1 x 1 ,-1 y 1 and the function is set to f (x,y) = xˆ2 -yˆ2 .
In the window labeled Domain and Range, you can choose both the center and radius of a red disc domain in the xy-plane using the white and red hotspots respectively. The magenta line segment along the z-axis in this window shows the range of f (x, y) over the red disc domain.
Highest Point on the Highway
The function w(t) which represents the path of the highway is shown in the "Domain" window in red. In the control panel there is a tapedeck that allows you to change the variable t 0 and travel along the highway. Two vectors are drawn at the point w(t 0 ): the pink vector is the unit tangent vector to the red curve at w(t 0 ) while the yellow vector is the gradient vector of f (x, y) at w(t 0 ).
The default function f (x, y) produces a graph called "Twin Peaks" which can be seen in the 3D graph window. Under f (x, y), the red curve in the domain is mapped into a red curve on the surface. This "scenic highway" has z(t) = f (w(t)) as its height function. With this in mind, we ask the following question. As we travel along the highway, at what point do we attain our maximum height? The question is simpler in the case of a 2D graph. To find the maximum height of the graph of a function f (t), we would set f (t)=0, solve for t, and then check if the solutions were maxima or minima. This method naturally generalizes to 3D graphs as well. To find the maximum point along the highway, we set z (t)=0. By the chain rule,
This tells us that at the highest point w(t 0 ) on the highway, the gradient vector at w(t 0 ) must be perpendicular to the tangent vector at w(t 0 ). Note that if the highway passes through a local maximum of the graph, then the gradient vector will be 0 so it will be perpendicular to the tangent vector. 
Was there ever a time in your life when your height measured in inches was equal to your weight in pounds?
(1.1)CW at 6:02 PM on 9/3/97 When I think back to when I was first born, I weighed very little. I weighed only 4 pounds 6 ounces. I don't remember my height, but I know I was certainly longer than 4.375 inches. Now I weigh 120 pounds and I am 66 inches tall. At some point, my weight increased and became more than my height. If I were to graph lines representing my height and weight over time, the two lines will intersect at some point and there was a time in my life when I weighed as much as my height.
Right, the crossover phenomenon is at the heart of the discussion, but you need a bit more precision in the mathematical language in order to make the argument convincing. In order to represent your height and weight over time, you will need curves rather than (straight) lines, correct? What property of these curves will guarantee that they will cross, given your initial and current conditions? -tb (1.2)JM at 8:58 PM on 9/3/97
There was definitely a time when my height and weight were the same. When I was born my height was roughly 12 inches and my weight was close to 8 pounds. At the moment I am approximately 69 inches tall and 145 pounds heavy.
I'm making the assumption that both my height and weight can be represented as increasing, continuous functions. Since at my birth, the weight function was less than the height function and presently the weight is greater than the height there must have been a time when the two functions crossed. .....
Try to brush out a little what assumptions you need to prove, and why. Do you need to discuss whether height is a function that is strictly increasing? (Same for weight). You're buzzing around a solid argument, but haven't quite hit it yet. -js (1.4)TH at 11:52 PM on 9/3/97
Let's assume a normal baby weighs 20 pounds and measures 15 inches in height. .....
Your hypothetical normal baby would be, I'm afraid, pretty abnormal-looking. At twenty pounds and fifteen inches, it would resemble a good-sized medicine ball. Most full term babies are somewhat longer, around twenty inches, and over ten pounds is at the high birth weight range.
(1.5)SC at 11:55 PM on 9/3/97
But of course. The height and weight of one individual can both be stated as single-valued functions of time, H(t) and W(t). (One cannot have two different weights at one instant)
The domain of both functions is t = [9 months, 214 months], 214 months being my current age.
Both of these functions are continuous on this domain, as people do not instantaneously grow an inch or two. At no point in the domain is W(t) = 0, so the function F(t) = H(t)/W(t) is also continuous.
From my mother, I know that H(9) = 22 inches, and that W(9) = 7 pounds. So, F(9) = 22/7. From my doctor, I know that H(214) = 74, W(214) = 135. So, F(214) = 74/135.
By the statement of F(t), we know that: Since 22/7 > 1 > 74/135 , F(t) must equal 1 for some t-value on [9, 214] , and as stated before, this implies that H(t) = W(t) for some t on [9, 214] Excellently argued! Good work. You could also cite explicitly the "lemma" you are using, namely that the quotient of a continuous function by a non-zero continuous function is also continuous. The key theorem has a name, the intermediate value theorem . and that is also good to mention. -tb (1.15)AL at 1:38 PM on 9/4/97 .....However, it is interesting to note that this is an arbitrary comparison and if other units were used the results would be different. For example, if kilograms and centimeters were used as units, the graphs of the functions of my height and weight would never cross.
Very good observations, especially about the dependence of this problem on the units employed. Using kilos and centimeters yields weight functions below height, and if you use kilos and meters, the weight is always above -tb (1.21)LC at 5:42 PM on 9/4/97 I'm going to try the HTML thing. Hopefully this will look OK... When I was born, I was a pretty big baby -about 9.5 pounds. I can't remember exactly how long/tall I was, but I think it was in the 20 inches range. At any rate, it was almost certainly more than 9.5 inches. I'm now 66 inches (5'6") tall, and I can tell you that I weigh a little bit more than 66 pounds :).
Assuming that height and weight are continuous functions (e.g. you can't go from being 40 pounds at one time to being 50 pounds at another without being 41 pounds, 42 pounds, etc.), the graphs of my height and weight must have crossed at some point in my life.
To prove this, let me make a few assumptions/statements:
• Let h(x) and w(x) be my height and weight, respectively, at age x months.
• Let h(0) = 20 and w(0) = 9.5 (my height and weight at birth)
• Let h(218) = 66 and w(218) = 140 (my height and weight at my current age) • We're looking for the age a for 0 < a < 218 where h(a) = w(a) or, put differently, where h(a) / w(a) = 1. Let's define f(x) to be the function h(x) / w(x) • On the interval 0 <= x <= 218), w(x) is never equal to 0. If you literally weigh nothing, you're probably not so alive :).
w(x) is never equal to 0 on the specified interval, so f(x) = h(x) / w(x) is always defined. At age x = 0, f(x) = h(x) / w(x) = 20 / 9.5 = about 2.105. At age x = 218, f(x) = h(x) / w(x) = 66 / 140 = about .471.
According to the Intermediate Value Theorem, if f(x) is continuous on the interval 0 <= x <= 218 (and it is, because h(x) and w(x) are both continuous and w(x) is never equal to 0), you can choose any y on the interval f(0) < y < f(218) and there is guaranteed to be a solution to f(a) = y for some a on the interval 0 < a < 218.
OK. Now, this means that if we set y = 1, there is guaranteed to be a solution to f(a) = 1 for some a on the interval. That means that h(a) / w(a) = 1, or that h(a) = w(a) for some a on the interval 0 < a < 218. This is what we were trying to prove.
As a side note, I got ahold of the average height/weight data for children ages 3 months-13 years at http://www.babybag.com/articles/htwt av.htm. The average girl will have the same height in inches as weight in pounds between 5 and 6 years of age; for boys, that point will come between 6 and 7 years. I also put the data for girls (too lazy to do it for boys too) into a Microsoft Excel spreadsheet and put in trend lines for both height and weight. I used the polynomial trend line for both; it appeared to fit the curves best. For height, I got h(x) = 0.2675x 2 + 0.6438x + 15.379 and for weight, I got w(x) = -0.0036x 2 + 2.4866x + 21.279, where x is the age measured in years.
That's a great response, LC. You give the heuristic argument, then you go carefully through the steps, justifying each one by appealing to the appropriate results from single-variable calculus.
The reference to the weight and height data is a great addition to the discussion. (How did you happen to find it by the way?) Did you graph the two parabolas that you got for the approximations of height and weight to see where they cross? Would using cubics or higher order approximations give you essentially different information? Since in the small there are daily variations in height of an individual (shorter after a day of standing upright that upon rising after a night of rest), it may be that a better model would involve adding a periodic function with small amplitude. 
